Thermal convective instability is investigated in a thermally stratified plasma in the presence of shear flow, which is known to give rise to the Kelvin-Helmholtz ͑KH͒ instability. We examine how the KH instability and magnetothermal instability ͑MTI͒ affect each other. Based on the sharp boundary model, the KH instability coupled with the MTI is studied. We present the growth rate and instability criteria. The shear flow is shown to significantly alter the critical condition for the occurrence of thermal convective instability.
I. INTRODUCTION
Thermally laminar plasmas have been shown to be buoyantly unstable when the temperature increases in the direction of gravity, while the mean free path between particle collisions is much greater than the particle Larmor radius, i.e., c ӷ 1, where c is the gyrofrequency and is the mean collision time. 1 In such a plasma, the dominant mode of heat transport is thermal conduction and the heat is restricted to being transported primarily along the magnetic force lines. 2 This thermal convective instability is referred to as magnetothermal instability ͑MTI͒. 3 After initially investigating the MTI in a horizontal magnetic field, 1 Balbus studied the combination of MTI and magnetorotational instability ͑MRI͒ in a diluted plasma 4 and found that the criterion for convective instability went from one of upwardly decreasing entropy to one of upwardly decreasing temperature. Such a coupling effect was also investigated by Mikhailovskii et al. 5, 6 Parrish and Stone used numerical magnetohydrodynamic ͑MHD͒ simulation to investigate the nonlinear evolution and saturation of the MTI of atmospheres in two and three dimensions, respectively. They found that the linear growth rates measured in the simulation agreed well with the weakfield dispersion relationship, and saturation results in an atmosphere with different vertical structure were dependent on the boundary conditions. 3, 7 The effects of the equilibrium heat flux on the thermal convective instability were studied by Quataert. 8 He calculated the linear instability by adopting the standard Wentzel-Kramers-Brillouin ͑WKB͒ approximation and took into account the background heat flux by assuming that magnetic field had both the vertical and horizontal components. It was found that the equilibrium heat flux could drive another buoyancy instability analogous to the MTI when the temperature decreased in the direction of gravity, while this situation was magnetothermally stable according to Balbus's analysis. Parrish et al. referred to this convective instability as the heat-flux-driven buoyancy instability ͑HBI͒. 9 They examined the long-standing cooling flow effect on the HBI in galaxy clusters with three-dimensional MHD simulation of isolated clusters including radiative cooling and found that the cores of galaxy clusters were linearly unstable to the HBI. Dennis and Chandran investigated the effects on the thermal convective instability due to the cosmic rays and arbitrary horizontal magnetic field. 10 Recently, Ren et al. investigated the density gradient and magnetic field effects on the MTI by using fixed boundary conditions, 11 examined anisotropic resistivity and viscosity effects on the MTI in a weakly magnetized plasma, 12 and also discussed the coupling between the MTI and MRI in the presence of anisotropic dissipative effects. 13 In all the studies mentioned above, the horizontal streaming was not taken into account. It is well known that the Kelvin-Helmholtz ͑KH͒ instability arises when the different layers of a stratified heterogeneous fluid are in relative motion. 14, 15 The KH instability plays a crucial role in the fields ranging from astrophysics and geophysics to laboratory physics such as combustion in inertial confinement fusion ͑ICF͒. [16] [17] [18] It is known that in the ICF, the KH instability acts as secondary instability which produces mushroomshaped structures in the nonlinear evolution of the bubbles and causes interaction between neighbor bubbles. 19 The KH instability is also an important source of turbulence and mixing in stratified environment. It produces billows which grow and roll up until its subsequent nonlinear evolution and other secondary and convective instabilities complete the transition to turbulence. 20, 21 As a result, it is reasonable to consider the shear flow and thermal convective instability simultaneously in order to examine how the KH instability and thermal convective instability mutually affect each other in a thermally laminar plasma. In the present work, we study the MTI in magnetized plasmas by considering the transverse relative motion a͒ Electronic mail: hjren@ustc.edu.cn. while working in the Boussinesq limit. We derive secondorder ordinary differential equations ͑ODEs͒ to describe the velocity perturbation. Based on this mode equation, the dispersion relationship and instability growth rate are presented under different boundary conditions. The present paper is organized as follows. The basic equations are presented in Sec. II and the mode equation is derived in Sec. III. The discussion about the coupling of the KH instability and the MTI in different boundary conditions is presented in Sec. IV.
II. BASIC EQUATIONS AND ASSUMPTIONS
We start our derivation from the ideal MHD equations, which are
Here, is the fluid mass density, u ជ is the fluid velocity, d / dt = ‫ץ‬ / ‫ץ‬t + u ជ · ٌ is the convective derivative, p is the isotropic thermal pressure, B ជ is the magnetic field, g ជ is the gravitation acceleration, T is the temperature in units of energy, and S =3p ln͑p −⌫ ͒ / 2T is the entropy per unit mass with adiabatic index ⌫ being 5/3. The plasma is assumed to be thermally stratified and placed in a uniform gravitational field along the vertical direction, g ជ =−gẑ. Besides, the viscosity, resistivity, and general heat-loss function are all neglected in our model for simplicity. The ideal Ohm's law E ជ + u ជ ϫ B ជ = 0 has been understood in the entropy ͑4͒, where E ជ is the electric field. We are restricted to the ideal MHD model in examining the effects of relative shear motion on the thermal convective instabilities. The anisotropic heat flux is
is the Spitzer Coulomb conductivity, 22 R is the coefficient of isotropic conductivity, and b ជ = B ជ / B is a unit vector in the direction of the magnetic field. Note that the initial heat flux in the equilibrium state should be steady, that is, ٌ · Q ជ 0 =0. The spatial gradients of the equilibrium density, pressure, and magnetic field are all set on the opposite direction of the equivalent gravitational acceleration. Therefore, it is reasonable to suppose that the inhomogeneity occurs only in the z-direction. Without lost of generality, we suppose that the streaming takes place in the x-direction with an equilibrium horizontal velocity and then consider only parallel magnetic field, namely, B ជ 0 ʈ u ជ 0 . Hence, the equilibrium profiles can be expressed in the following form:
Consequently, there is B ជ 0 · ٌT 0 = 0. There is no other constraint on the unperturbed temperature except the equilibrium condition, which reads
͑6͒

III. MODE EQUATION
The growing modes of interest have growth times much longer than the sound crossing time of the perturbation. As a result, it is sufficient to work in the Boussinesq approximation. That is, the fluctuation in pressure is much less than that in mass density in the energy equation, viz., ␦p / p 0 Ӷ ␦ / 0 , and in the perturbed mass conservation and momentum equations, the density variations can be neglected except when they are coupled to the gravitational term. 23, 24 The perturbed profile ␦ is supposed to have the following form:
ជ͒, where is the wave frequency and k ជ = ͑k x , k y ,0͒ is the perpendicular ͑with respect to the direction of inhomogeneity͒ wave vector. Linearizing Eqs. ͑1͒-͑4͒, we obtain
For c ӷ 1, there is c ӷ R and then Ӎ 1. Here du 0 / dz 0 implies that the thermally stratified plasma is in relative shear motion, which accounts for the KH instability. The magnetic field divergence-free condition ٌ · ␦B ជ = 0 is also used to derive Eq. ͑10͒.
Equation ͑9͒ yields the perturbed magnetic field as 
Accordingly, we obtain the tension provided by the magnetic field on the right-hand side of Eq. ͑8͒ as
Inserting the formula above into Eq. ͑8͒, we obtain
͑13͒
We then carry out the following manipulation: ŷ · ٌ͓ ϫ Eq. ͑13͔͒ and x · ٌ͓ ϫ Eq. ͑13͔͒. The calculation can now be greatly simplified by eliminating the perturbed thermal pressure and magnetic pressure terms in Eq. ͑13͒ without losing the generality of results. Consequently, we have
where we define = − k x u 0 and
͑16͒
Substituting Eq. ͑11͒ into Eq. ͑10͒, we obtain the perturbed mass density:
where
is the Brunt-Väisälä frequency and
is the characteristic frequency of heat conduction. Inserting the perturbed density from above into Eq. ͑16͒, we obtain the following second-order ODE equation:
͑19͒
IV. DISCUSSION
We restrict ourselves to the thermal convective mode by assuming T ӷ , and then the general mode ͑19͒ derived in the last section is reduced to
From the mode equation above we can see that the perturbed velocity ␦u z is not presented solely and is always accompanied with the factor 1 / . Thus, we can define a new perturbed velocity ū z = ␦u z / . This new velocity can be more precise to represent the characteristic of perturbations. Introducing the perturbed displacement ជ , the normal perturbed velocity can be expressed as ␦u 
In the absence of shear flow, u 0 = 0, by arranging dū z / dz = ik z ū z in the local WKB approximation, mode ͑21͒ reduces to the local dispersion relationship as
where L is the scale length of the local system inhomogeneity. As a consequence, the last term on the left-hand side of the equation above can be neglected, and we then obtain the classical dispersion relationship for the MTI,
in the weak-field limit, in which K 2 = k z 2 + k 2 is the square of the total wave number. The instability occurs when gd ln T 0 / dz Ͻ 0, i.e., when the temperature increases in the direction of gravity.
In the view of physics, according to classical fluid mechanics, 25, 26 the smooth shear flow is spectrally stable, corresponding to the stability by following the normal-mode ͑or modal͒ approach, which was used to simplify an initial value problem to an eigenvalue problem. However, both laboratory experiments and numerical simulations reveal that a spectrally stable shear flow is also unstable. 26 This problem was solved, and the shortcomings of the linear modal analysis were understood in the 1990s. [27] [28] [29] [30] [31] Roughly to say, due to the strong interference between each eigenfunction, a superposition of linear stable eigenfunctions can yield an unstable solution. Since we use the modal approach here to describe the relative motion, and k must be assumed to be constants independent of time and space. Accordingly, we cannot deal with the smooth shear flow case or the case in which the equilibrium velocity profile has an inflection point. Hence, we need to seek a case in which the normal-mode approach can still be appropriate to analyze the shear flow.
Mathematically, since a characteristic growth rate of KH instability described by mode ͑21͒ usually appears in the combination ␥ − ik x u 0 , in most cases, when the velocity is of spatial distribution, the problem becomes rather complicated and analytical derivation of the growth rate is almost impossible. If we still restrict ourselves to the modal approach, as for the shear flow with general distribution, we must take into account the full boundary condition. In general, we need to solve a second-order ODE exactly in order to obtain the dispersion relationship, which is mathematically formidable in most cases. However, it is fortunate that in the sharp boundary condition, i.e., a sharp interface exists at z = 0 separating two homogeneous fluids, the problem becomes relatively simple, and it is possible to analytically obtain the growth rate: The wave frequency and wave number are indeed time-and space-independent constants. No additional approximations ͑i.e., smooth shear flow͒ are required. 29 Hence, we consider the sharp boundary model here with equilibrium profiles as 0 ͑z͒ = 1 + ͑ 2 − 1 ͒h͑z͒,
where h͑z͒ is the Heaviside function. Integrating the plasma motion ͑2͒ over the sharp interface from 0 − to 0 + gives the equilibrium condition
where ␤ 1,2 =2p 1,2 0 / B 1,2 2 is defined as the ratio of the plasma kinetic pressure to the magnetic field pressure. On each side of z = 0, the fluid density, thermal temperature, shear velocity, and magnetic field are all constants, and the mode equation is simplified and has the solution as follows:
Then integrating mode ͑21͒ over the sharp interface from 0 − to 0 + leads to the dispersion relationship
where we denote
͑28͒
In the limit of ␤ → ϱ, the equilibrium condition ͑25͒ becomes p 1 = p 2 or 1 T 1 = 2 T 2 . In this case, one finds I =−͑ 2 − 1 ͒, and then the dispersion becomes
͑29͒
This dispersion relationship is identical to the result reported in Ref. 32 when we let k y =0, k x = k, and = 1 here. In this case, the magnetothermal instability is reduced to the gravity interchange instability, i.e., the Rayleigh-Taylor ͑RT͒ instability, 33, 34 since
The entropy gradient is reduced to the density gradient which is now the negative temperature gradient. The dispersion above has the solution of = r + i␥, where r and ␥ are both real numbers:
͒ is the Atwood number, ␦ u = ͉u 2 − u 1 ͉ is the relative shear velocity of the two layers, and v a = ͕͑B 1 2 + B 2 2 ͒ / ͓ 0 ͑ 1 + 2 ͔͖͒ 1/2 is the modified Alfvén speed. In the absence of gravity, i.e., g = 0, the KH instability occurs when
which is the same as the critical condition for the Richtmyer-Meshkov instability to come into being in the presence of shear motion. 35 The second case of great interest is when ␤ is finite and 1 = 2 = 0 . In this case, ␣ 1 = ␣ 2 =1/ 2, A T = 0, and one has I = 0 ln͑T 2 / T 1 ͒. Consequently, the pure oscillating frequency and growth rate are determined by
respectively. The equilibrium quantities are linked by the following equilibrium condition:
In the growth rate expressed in Eq. ͑34͒, the first term represents the KH instability driven by the relative shear motion of two layers. The second term represents the thermal convective effect, which shows stabilizing effect on the system when T 1 Ͻ T 2 and destabilizing effect when T 1 Ͼ T 2 , i.e., when the temperature increases in the direction of gravity. The last term is the stabilizing effect due to the Alfvén wave. It should be noted that the effects of magnetic field cannot be considered solely since the equilibrium condition ͑35͒ provides the constraint on T 0 and v a . However, for k x Ӎ 0 ͑k x cannot be equal to zero accurately, or else → ϱ and parallel heat conduction term disappears. There is no MTI in this case. So we consider k x Ӷ k y and c ӷ 1 here to ensure that is not much greater than unity͒, one has r = 0 and
͑36͒
It means that perturbations transverse to direction of the shear streaming are unaffected by its presence. 15 Owing to the same reason, the magnetic field shows no effect on the dispersion relationship as well. Its only role is to yield the Lorentz force to satisfy the equilibrium condition ͑35͒. The formula above describes the growth rate of MTI in the sharp boundary condition, and hence the instability criterion is T 1 Ͼ T 2 . By defining ⌬ T = T 1 − T = T − T 2 , where T = ͑T 1 + T 2 ͒ / 2 is the mean temperature, for ⌬ T Ӷ T 2 , the growth rate becomes
In the absence of difference in velocity, by letting k x = k cos , where is the angle between the directions of k ជ and u 0 , the magnetothermal instability takes place provided that
for given modified Alfvén frequency and temperature in each layer. That is to say, there exists a maximal wave number k c , beyond which the instability does not occur. Short wavelength perturbations will be damped due to the presence of magnetic field and no instability occurs. Only long wavelength perturbations can exist and evolve into instabilities. The stabilizing mechanism is the Lorentz force in the negative direction to the perturbation. The reason that the short wavelength perturbations are stable and only long wavelength perturbations can develop instabilities is that the Lorentz force is proportional to k, whereas the gravity g is independent of k. 35 Because of this reason, there does not exist such a limit on the wave number for the KH instability since the KH instability is driven by the equivalent force due to the shear motion which is proportional to k␦ u . Criterion ͑32͒ confirms this point.
In the general case, the instability occurs when
The relative shear motion is always destabilizing whenever u 1 Ͼ u 2 or u 2 Ͼ u 1 , and the presence of difference in velocity is shown to significantly alter the critical condition for the occurrence of thermal convective instability. In the absence of KH instability, the system is unstable only when T 1 Ͼ T 2 , whereas in the presence of difference in velocity, the instability occurs even if T 1 Ͻ T 2 , viz., the temperature decreases in the direction of gravity. The relative shear motion provides sufficient free energy to drive an instability in this case.
V. VALIDITY OF THE BOUSSINESQ APPROXIMATION
In our calculation, the Boussinesq approximation is adopted. We disregard not only the relative fluctuation in pressure compared to the fluctuation in density but also the term d / dt in the continuity equation. For the energy equation, it is reasonable to neglect ␦p / p 0 compared to ␦ / 0 when the acoustic speed is much greater than the characteristic velocity of perturbations. As for the continuity equation, it is not apparent that the density perturbation and density gradient term can be ignored in the sharp boundary model. Now we consider ٌ · ␦u ជ 0 and then obtain ␦B ជ by virtue of the perturbed frozen-in condition ͑3͒,
When the heat conduction dominates the heat transport, the perturbed energy equation is actually simplified to
where we have used ␦B z =−k x B 0 ␦u z / , and = 1 is assumed for simplicity. Note that Eq. ͑17͒ will give the same result by letting T ӷ . Substituting the density perturbation above into the perturbed continuity equation leads to
͑43͒
Combining the formula above and Eq. ͑40͒ and then inserting them into Eq. ͑8͒, we obtain the following mode equation after some similar algebraic manipulations:
Comparing the formula above to Eq. ͑20͒, one finds that the second term on the left-hand side of Eq. ͑44͒ is not included in the previous mode equation. In the incompressible limit, this term is proportional to the inverse of c s 2 and can thus be neglected safely, where c s = ͑⌫p 0 / 0 ͒ 1/2 is the sound speed. As for the compressible plasma, this term cannot be dropped directly in general cases except in the sharp boundary model. Since on each side of z =0, dp 0 / dz = 0, and when integrating the equation above over the sharp interface from 0 − to 0 + , the contribution to dispersion relationship due to this term is zero and we obtain the same result as Eq. ͑27͒. As a result, the Boussinesq approximation is justified.
VI. CONCLUSION
We have investigated the MTI by taking into account the relative shear motion. Equilibrium streaming is supposed to be parallel to the magnetic field. The mode equation is derived by adopting the Boussinesq approximation and presented in Eq. ͑20͒. In the high-␤ limit, we obtain the dispersion relationship ͑29͒ based on the sharp boundary model. The thermal convective instability is reduced to the RT instability in this case. In the case of a finite ␤, we present the analytical expression of the growth rate in Eq. ͑34͒. When k x Ӎ 0, the growth rate ͑34͒ is reduced to Eq. ͑36͒ and then to Eq. ͑37͒ when the difference in temperature of two layers is much less than the equilibrium temperatures. The critical wave number in the absence of KH instability is presented in Eq. ͑38͒, beyond which the system is stable. Equation ͑39͒
indicates that the presence of streaming significantly alters the critical condition for instability of a thermally laminar plasma to occur. When the temperature deceases in the direction of gravity, the system can also be unstable due to the existence of relative shear motion.
The MTI has shown significant applications in radially stratified atmospheres in which anisotropic transport exists, including atmospheres of strongly magnetized neutron stars, 3 cooling white dwarfs, 8 x-ray-emitting gas in clusters of galaxies, 36 and protoplanetary disks. 37 In tokamak plasmas, the temperature increases along the direction of the equivalent gravitational acceleration due to the magnetic curvature, 38 accounting for the MTI. In the ablative ICF capsules, when one fluid is accelerated by another, the effective gravitational acceleration can be along the direction in which the temperature increases. 39 As a result, the MTI comes into being. In these cases, it is important to study the thermal convective instability. At the same time, as one of the three fundamental hydrodynamic instabilities in the implosion of ICF capsules, the KH instability plays a critical role. This instability is troublesome because it obstructs the realization of ICF by destroying the symmetry of the capsules. Hence, it is important to understand the physical mechanisms that can affect such instability, especially its suppression, as well as the details of this instability. Combining the KH instability with the thermal convective instability together in examining how the two instabilities affect each other will aid our understanding of laboratory and astrophysical plasmas. Recall that the modal approach is not appropriate for describing general nonuniform shear flows; it is a subject of future for us to study the non-normal nonuniform flows in a thermally laminar plasma by solving the inertial value problem.
